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1. (Exercise 2.1.9 of [BS11]) Let K = {s+t
p
2 : s, t 2 Q}. Show that K is closed under

addition, multiplication, and contains multiplicative inverses. This shows that there
is an ordered subfield Q ⇢ K ⇢ R with the order of K inherited from R.

Rmk: Use the field axioms and label whenyou areusing them.DER

Ef : Multiplication : let x, xzEK .
ThenWTS X:x2&K .

Bydefinofk, wire vi=Sittiv , X=sett for SER
xix= (S++iv) · (s2++ze)

(A)MI,D = 5,32+St+ satir + 2 titz
M2)

(A2) = S152 +Itith + Sit +activ

(AB ,D) = (s , 52+ 2 titz) + (sitz+sative eK
.

R

② &
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3. Let A,B be nonempty subsets of R. Denote by A+B the set {a+b : a 2 A, b 2 B}.
Show that sup(A+B) = supA+ supB.

Pfi sup(A+B) < supA+ SupB :
Let acA , beB . We know that asuph , be supB

by definition.
So adding these two inequalities , weget
aeb capA +supB.

Since a
,
b werearbitrary , the element at

beAtB was

arbitrarily chosen,
and so the number SupA + supB is an ub of AtB.

Then by defin of sup of AtB, wehave

SupAtB) < SupA + supB .

/,
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4. (Exercise 2.1.11 of [BS11]). Let S be a bounded set in R and let S0 be a nonempty
subset of S. Show that

inf S  inf S0  supS0  supS. "intuition

D: ifS[infSoi R
SinceS is bounded, So is also bounded -So

and in addition , So is non-empty
So byCompleteness property ifSo , supso exist iswiR
Now suppose onthe contrary that
if So < iifS -

Then this means that infS is not a lower band of So,
- we can fil on SotSo sit . (Since ifSo is

if So ? so crifs.
greatest lovebanda

But since SoES ,

SotS
,
some have a contradiction/
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6. Let r 2 R be fixed. Determine the infimum and supremum of the set X = {|q� r| :
q 2 Q} if they exist.

Pf: First will show supX does not exist by showing X does not home
anupperband :

let ocMER .
Wis ExeX sit . Max . By AP .

thereis

anneN s .t . M+ren >Min-r =In-v1
.
Since

neNEQ
,
we have found such an element in X.

X= In-r1
.

well show inf X= 0 :

· O is a lower band : absolute value fu is non-neg.
· O is the greatest lowerband :

use equivalentcondition : V20 ExEX S .t .
X2.

let 220 bequien . By density of Rin R, Egath
sit.
Iga-rice .

So setting xi= /ge-ul , me wedone.
Note:u=ifS > VEOESeSsiti South


